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^jiH TepnapHHx cJjopM flosoflHTtCH anajiorH flo6pe BiflOMOi b Teopii inBapianTiB TeopeMH Po6epTca. 



D ' BcTaHOBjieno, mo nesBiflHi KOBapiaHTH, KOHTpaBapianTH Ta SMimani KOHKOMiTanTH TepnapHOi cJjopMH 

^ . oflHOsnaHHO BHsnanaiOTBCH I'xmMH CTapniHMH HjienaMH. 

'nI" I Analogues of invariant theory's well-known Roberts theorem are proved for ternary forms. We 

established that covariants, contravariants and mixed concomitants of a ternary form are uniquely 



determined by their lead coefficients. 

1. BcTyn 
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d • PoarjiflHeMO K-BeKTopHHH npocTip T„ TepnapHHx 

4)opM CTeneHfl n : 



fle j G K, a K - nojie nyjibOBOi xapaKTepncTHKH. Koop;i;HHaTHe Kijibii;e i?„ npocTopy 
Tn OTOTOJKHHMO 3 ajireSpoK) MHoro^JieniB ^[^4] := ]K[ao,0) ^i^o? • • • i^o.n] bI^ -(n + l)(n + 2) 
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smIhhhx, a KOopflHHaTHe Kijibn,e npocTopy r„©]K^©(K^)* ototo>khhmo 3 Kijibn,eM MHoro^JieniB 
]K[yl,X, t/] := ^[^4, Xi, a;2, X3, Ui, U2, W3]. CTan^apTHa ^Ih rpynn S'Ls niflCTanoBKaMH na Tn 
in^iyKye fliio S'Ls i na Kijibii;i ]K[yl,X, ?7]. HojiiHOMiajibHi (i)yHKii;ii 3 Ta K[74,X, [/], sKi 
3ajiHmaiOTbca iHBapiaHTHHMH BiflHOCHO rpynn SL-^ yTBopioiOTb Kijibiia -Rf^^, xa l^A^ X, \J\^^'^ 
aKi Ha3HBaiOTbca, BiflnoBi^HO, Kijibii;aMH inBapianTiB Ta 3MimaHHx KOHKOiviiTaHTiB TepnapHoi 
(jDopMH CTenena n. Kijibii;e ]K[yl, X\^^'^ Ta Kijibii;e K[y4, IJ\^^^ Ha3HBaiOTbca Kijibii;aMH KOBapianTiB 
^ . Ta KOHTpaBapiaHTiB TepHapnoi (J)opMH CTenena n ( ;i;hb. [1]). 3oKpeMa, (J)opMa 2:2, X3) Sy^e 

^ \ KOBapiaHTOM CTenena n. /Jjia ^OBijibHoro MHoroHjiena, aKHii e o^HopiflHHM no KOJKHOMy naSopi 

3MiHHHx A, X Ta ?7, iioro CTeneni bi^HOCHO n,Hx naSopiB nasHBaiOTbca bi^noBi^HO CTeneneM, 
nopa^KOM Ta KjiacoM. 

3Haxofl>KeHHa aBHoro BHrjia^y KOMiTaHTiB - nopo^>KyiOHHx ejieivieHTiB BHmeo3HaHeHHx Kijien,b 
iHBapiaHTiB, e ochobhoio 3aflaHeio KJiacHHHOi Teopii inBapianTiB, aKa Syjia po3B'a3aHa me 
rop;i;aHOM p], ajie Jinme ;i;jia n < 3. HaflBHmHM flOcarneHHaM Toro nepio;i;y 6yjio oS^HCJieHHa 
B ;i;oKTopcbKiH ;i;HcepTaii;ii E. HbOTep |3] MiHiiviajibHOi CHCTeiviH is 331 nopofljKyiOMHx Kijibii;a 
iHBapiaHTiB K[A]'^^^ ;i;jia n = 4. MafljKe Bci Bi;i;oMi KOHKOiviiTaHTH OTpHMani b neaBHOMy BHrjia^i 
CHMBOJii^HHM MeTOflOM, KOJiH KOHKOMiTaHTH 3o5pa>KyiOTbca Hepes TpancbeKTaHTH, toSto aK 
pe3yjibTaT ^ii ^eaKoro S'Ls-inbapiaHTHoro flH(|)epeHn,iajibHoro onepaTopa na KOHKOMiTaHTH 
MenmHx CTenenib. 

O^HHM i3 niflxoflib ^o bHb^enHa KOMiTaHTib Morjio 6h 5yTH bCTanobjienHa anajiory TeopeMH 
PoSepTca fljia Tepnapnnx (|)opM. B KjiacH^HOMy (J)opMyjiiobaHHi Teopeivia PoSepTca CTbepfl>Kye 
(flHb. [4], [5]), ni;o bcaKHH KObapianT SinapHOi (|)opMH CTenena n bi;i;HOCHO flii rpy-nn SL2 
0flH03HaHH0 bH3HaHaeTbca cboiivi CTapniHM HJienoM - Koe(|)iii;ieHTOM 5ijia x\. B cboio nepry, 
CTapniHii HJien BcaKoro KOBapianTa 5iHapH0i (Jdopmh e inBapiaHTOM o;i;HOBHMipHoi' ni;i;ajire5pH 
Bepxnix TpHKyTHHx MaTpHii;b, inrnHMH cjiobaMH, bin e CTapniHM beKTopoM fleaxoro He3bi;i;Horo 
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ToMy npoSjieMa onHcy Kijibn,a KOBapianTiB 6iHapHHx 4JopM 3B0,T,HTbCfl nHTanna 
onHcy Kijibn,a inBapianTiB ni^ajireSpH Bepxnix TpHKyTHHx MaTpHn,b b ajireSpi Jli 5/2- 

B flaniii po6oTi fljia KOMiTaHTib TepnapHHx 4)opM CTenenfl n flOBefleni TBepflJKeHHH, aKi e 
anajioraMH TeopeMH Po6epTca. IloKaaaHO, mo Koe4)iii;ieHTH HeaBi^Horo KOMiTaHTa nopo^acyiOTb 
HesBiflHHH s^a-MOflyjib b A;[A] i CTapmnii Koe(J)iiiieHT KOMixaHTa 6yp.e CTapniHM BeKTopoM iiboro 
MO^yjia. CnpaBe^jiHBe i oSepHene TBep^jKeHHa - BcaKHii inBapianT ajire6pH Bepxnix TpnKyTHHx 
MaTpHii;b UTs e CTapniHM BexTopoM ^eaKoro s/3-MO^yjia. TaKHM hhhom, BCTanoBJieni TBep^jKeHHa 
3B0flaTb aaflany 3Haxofl>KeHHa nopoflJKyiOHHx ejieivieHTiB KijTbn,a ^[A, X,U]^^^ flo npocTimoi 
aaflani 3Haxofl>KeHHa nopoflJKyiOMHx ejieMenTib Kijibn,a 

2. EJIEMEHTH KA3HMIPA 

^aMO 03HaHeHHa ejieMeHTa Kaaniviipa, axHii Sy^e tojiobkhm o6HHCJiiOBajibHHM 3aco6oM npn 
BHBMeHHi KOMiiaHTiB TepHapHoi c|)opMH. 

OaHaneHHH 1. CuMempuuHUM do6ymKOM U ■ V eenmopHux npocmopie V ma U uaseeMO 
nidaji2e6py cuMempuHHOi aA2e6pu S{U ®V), nopodotceHy eAeMenmaMU em Andy uv, v e V, 
ueU 

5Ikiii;o npocTopH U, V e s/3-MO^yjiaMH to ixnifi CHMeTpHHHHH ^oSyTOK U ■ V TaKom 6yfle 
s/3-MOflyjieM, aKino noKJiacTH 

g{uv) = g{u)v + ug{v), 

fljia Bcix g G 5^3, v & V, u & U. 

OsHaneHHH 2. Bchkuu meapiaHm slz-ModyAH U • V naaueaemhCH eAeMenmoM KaauMipa. 

TeopeMa 1. UpunycmuMO, mo U,V- dea sl^-ModyAi. B sl^-ModyAi U -V eAeMenm KasuMipa 
icHye modi i Aume modi, koau U ^V*. 

/JoeedeHHM. npHnycTHMO,iii;o U = V*, m = dim?7. BH6epeM0 b npocTopax V i V* ^yajibm 
5a3HCH {vi}, {v*}, i — 1 . . .m. /^OBLrrbiiHH ejieMeiiT z e s/3 ^ie ax jiiHifiHHfi onepaTop b V i 
V*. ^o5pe BiflOMO, mo MaTpnn;! C= {cij}, C* = {c*j} ii;boro onepaTopa b ^yajibHHx 6a3Hcax 
3B'a3aHi cniBBiflHomeHHaM C* = (— C)""". HoKaiKeMO, ni,o e.rreMeHT 

ViVl + V2V* + ■■■ + VmV*^ eV-V*, 

e iHBapiaHTOM. MaeMO 

mm mm 

^{^^i^i) = '^i^ViK + Vi Z{V*)) == '^(^^CijVjV* + ViZ{v*)j = 

i=l i=l i=l j=l 

mm mm 

i=l j=l i=l j=l 

ripHnycTHMO Tenep, mo ejieMeHT 

ViUi + V2U2 H h VmUm &V - U 

e iHBapiaHTOM. Anajiorinno 3HaxoflHMO 



m mm 



i=l 1=1 j=\ 

m 

PiBHicTb HyjiK) MOJKjiHBa jiHine TOfli, kojih fljia Bcix i 6yfle BHKonyBaTHca ^ ] CjiUj + z{ui) — 0, 
to6to flia z U e KOHTparpe^ieHTHOio ^o ^ii na V, a ii;e 03HaHae, mo U '^V*. □ 
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EjieMGHT KasHMipa U ■ V Gy^eivio noana^aTH A{U, V). 5Ikiu,o b npocTopax U, V 

sa^aHO KOHTparpe^ieHTHi 6a3HCH 

U := {Ui,U2, ■ ..Um), V := {Vi,V2, ■ -.Vm), 

TO 

A{U, V) = UiVi + U2V2 H h UmVm- 

Mo>KHa noKaaaxH, mo ejieivieHT Kaaniviipa ne 3ajie>KHTb Bi^ BH5opy nap flyajiBHHx SasHciB b 
npocTopax U i V* . 

3. Peajii3Ali;i5i s/3-Mo^yjiiB b k[A]. 

HesBi^HHH s/3-MOflyjib 3 CTapmoK) Baroio [mi,m2] Sy^eivio noana^aTH Tmi,m2} aSo, 6a>Kaio^H 
aBHO BKaaaTH CTapniHH bgktop v - rmi,m2(^)- PosMipnicTb npocTopy T^^^^^ pisHa (ahb. [6j) 

^(mi + l)(m2 + l)(mi + m2 + 2). 

CTapniHH BGKTop s/s-MOflyjis Tmi,m2 ^ inBapiaHTOM niflajireGpn UT^ Bepxnix TpnKyTnnx MaTpHn;b. 
Anajiorinno MOJiOflmnn bgktop n;boro MOflyjia e inbapianTOM ni;i;ajire6pH DT3 nnjKnix TpnKyTnnx 
MaTpnn;b. 5lKni;o bgktop u e CTapmnivi bgktopom CTapmoi Barn [mi, 1712], to cnpaBe^jinBe 
cniBBiflHomennfl (^hb. [7]) 

fle nepea noana^eno yniBepcajibny oropiyio^y ajire6py ajireSpn Jli L. Anajiori^no ^Jia 

MOJio^moro BeKTopa v Barn [—mi, —1712] OTpniviaeMO 

HoanannMO nepea Eij,i,j = 1 ... 3, MaTpnnni oflnnnn;i, toSto TaKi MaTpnn;i y aKnx na nepeTnni 
i-TO paflKa Ta j-ro CTOBnnnKa anaxo;i;nTbca oflnnnn;a, a na Bcix inmnx Micn;ax nyjii. Mae Micn;e 
cniBBiflHomenna 

[Eij,Eki] := EijEki — EkiEij = SjkEn — SnEkj. 

MaTpnn,! -E12, £-23, E13 yTBopioiOTb Saanc niflajire5pH UT3 bepxnix TpnKyTnnx MaTpnn,b, 
MaTpnn,i .£'215 -^'325 -E'31 yTboproroTb 5aanc ni^ajireSpn DT3 nn»cnix TpnKyTnnx MaTpnn,b. MaTpnn,i 
E11—E22, E22—ESS, Ta E11—E33, nopoflJKyiOTb KapTanibCbKy ni^ajireSpy b s/3. 

^jia flObijibnoro s/3-MOflyjia V noanannivio nepea Di, D2, -D3 jiiniiini onepaTopn a End(y), 
aKi bi;],nobiflaiOTb ^ii na V biflnobi^no ejieivienTib -E'12, -E'23, E13. Anajiorinno onepaTopn Di, 
D2, -D3 bi^nobi^aiOTb ^ii na V bi^nobi^no ejieivienTib -E21, -E'32, -E'31, onepaTopn Ei, E2, i E^ 
bi^nobi^aiOTb ^ii bi^nobi^no ejieMenTib E11—E22, £'2 2—^33) ^ii'~"-E'33- 

BnnnmeMO KOMyTan;iHni cnibBiflnomenna mitk n;nMn onepaTopaivin, aKi naivi 6yflyTb noTpi6ni 
B no;i;ajibmoMy: 



[El, 


Di] 


= 2Di, 


[Ei,Ds] 


= Ds, 


D2,Di] 


= 0, 


[El, 


Di] 


= -2Di, 


[Ei,D,] 


= -D3, 


[Ei,D2] 




[Dl; 


,Di] 


= Eu 


[Di,Ds] 


= -D2, 


[Di,D2] 


= 0, 


[Eu 


D2] 


= -D2, [ 


[D2,Ds] 


= -Du 


[D2,D2] 


= E2, 




,Di] 


= -D2, 


[Ds,D,] 


= -Di, 


[D3,D2] 


= E2. 



AjireSpa s/3 ^ie na BeKTopnoMy npocTopi 

X := {xi,X2,X3), 
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flH(J)epeHn,iioBaHHHMH, a caMe 

d 





d 










OXi 




D2 




E, 


d 


d 


E2 


d 






OX; 




o 








Di 


dp 
a 


) 


D2 


= X2^ 

d 






) 


E3 


OX; 



d 



— Xi- 



D3 = -xi- 



dxi ' 
d 



8x3' 

BeKTopHHii npocTip X e CTaH;i;apTHHM neaBiflHHM s/3-Mo;i;yjieM i30Mop4)HHM ;i;o Fq, 1, a BeKTopHHfi 
npocTip U := (wi,M2,W3) = X* e He3Bi;i;HHM s/3-Mo;i;yjie]vi i30Mop4)HHM ;i;o Ti q. Bi;i;noBi;i;HHH 
ejieMBHT Ka3HMipa 

u := A(X, U) = XiUi + X2U2 + X3U3, 

Ha3HBaeTbca yniBepcajibHHM KOBapiaHTOM. 

CnMeTpHHHi CTeneni S'^(X) i S'^(U) e He3BiflHHMH i30Mop4)HHMH Bi^noBi^no 

Bhb^hmo fliio ajTre6pH s/3 na nopoflJKyio^i ejieivieHTH Kijibn,a 

npono3Hi];iH 1. B sl^-ModyAi Rn eidnoeidni du^epeHipaAtiHi onepamopu ditomh aa (popMyAaMU 

Di{aij) = i tti-ij, D2{aij) = j a^+ij-i, 

Di{aij) = (n - (i + j)) Oi+ij, D2{aLj) = i aj_ij+i, 

Dsiaij) = {n-{i + j))aij+i, D3{aij) = jaij_i, 

Ei{aij) = (n - (2i + j))aij, E2{aij) = (i - 

/(oeedeHHM. ^Jia flOBe;i;eHH5i BHKopncTaeMO toh 4)aKT, mo 4^opMa u{xi,X2,X3) e KOBapiaiiTOM 
i TOMy KOJKen 3 onepaTopiB D^, noBHRen 3aHyjiaTH i'l. SoKpeivia, ^Jia flH(i)epeHii;iK)BaHa Di, 
MaeMO 

Di{u{xi, X2,X3)) = -I -If -Cm ■^^^ (-Pl(^»J•)^^^'^^^44 + Q^J^-Pl(^^^'"^^^^4a^D) = 



i+j<n 



= Di{ao,i)x'l-'x3 + ■■■ + Di{ao,n)^x^ + ^ - ^a^-lJ)xf ^'+''^44- 

«+J < n 
i > 

ToMy pifiHicTb Di{u{xi, X2., X3)) = MOJKjiHBa jiHine 3a yMOBH, mo Bci Koe(J)in,ieHTH pisHi nyjiio, 
OTiKe, MaeMO Di(aoj) = fljia Bcix < j < n, i Di(aij) = iai^ij, mo i noTpiSno Syjio 
noKa3aTH. B laKHii caMHii cnoci6 BH3HaMaeTbca flia ininHx onepaTopis na Kijibn,i Rn- □ 

5lKmo ejieMBHT a G K[A] e BjiacHHM seKTopoM onepaTopa E^, i = 1,2, to iioro Bjiacne 
3HaHeHHa 6yfleM0 no3HaHaTH uji{a) i Ha3HBaTH i-saroio ejieMCHTa a, a TaKHii ejieMCHT a 6yfleM0 
Ha3HBaTH BaroBHM BBKTopoM. 3po3yMijio, mo i-Bara e jiiniiiHOio, a^HTHBHOio (J)yHKii;ieio na 
MHOJKHHi BaroBHx BeKTopiB. 0;i;iiopi^imH MHoroHJien a 3 /^[A] Ha3HBaeTbca i3o6aprmM, axmo 
bin Sy^e BaroBHM Bi^HOCHO o6ox onepaTopiB Ei, E2. Y ii;bOMy BHna^Ky naSip [uji{a) , uj2{ci)] 
6y^e Ha3HBaTHca Baroio MHoroHJiena a. 
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Teopeivia 2. Hexau V := {vk} V* := - dea dya/ihui sl^-M^odijAi, npuHOMy eci 6a3UCHi 

eenmopu e easoeuMU eenmopaMU. Rkw^o Sah desiKoso HOMepa i eAeMeum Vi E V e cmapmuM 
eenmopoM y V, mo v* 6yde MOAodmuM eenmopoM y V*. 

/I^oeedeuHsi. OcKijibKH SasHcni BeKTopn e BaroBHMH, to BaroBHM 6yfle i ejieivieHT ViV*, Horo Bara 
piBHa 

[0Jl{Vi) + UJi{v*),L02{Vi) + t02{v*)\. 

I3 yMOB Ei{i^{V,V*)) = E2{A{V,V*)) = BnnjiHBae mo i Ei{viV*) = EiiviV*) = 3BiflKH 
3Haxo;],HMO, m,o 0Ji{v*) = —uji{vi), oj2{v*) = —uj2{vi). Hexaii ^jih ^esKoro HOMepa i ejieivieHT 
Vi e CTapniHM BCKTopoM sls-Mop.yjisi V CTapmoi Barn [uJi{vi),U2{vi)]. To^i bgktop v* Mae Bary 
— [ooi{vi) , U2{vi)] i ii;5i Bara 5y;i,e MOJTo;i,moK) Baroio s/3-Mo;i;yjia V*. □ 

HacTynni TeopeMH BCTanoBJiioiOTb npaBHJia oSnHCJieHb b s/3-MOflyjiiil([/r3)(a), a e CTapniHM 

BGKTOpOM B k[A]. 

npono3Hi];iH 2. Hexau a - odHopidnuu, isodapHuu MHOzouAen 3 k[A\. Todi 
E^{D'^D^,Dl{a)) = {cu,{a) - 2a + (3 - ^)D^D^,Dl{a), 
E2{DfDlDUa)) = Ma) + a - 2(3 + -f)D^D^D2{a). 

/I^oeedeuHsi. (i) BHKopncTOByiOMH KOMyTan,iHHe cniBBiflHOinenHH [Ei,Di\ = —2Di OTpHMaeMO, 

mo 

E^D^{a) = [E^,D^]{a) + D^{E^{a)) = 

= -2bi{a) + ui{a)bi{a) = (c^i(a) - 2)t)i{a). 
B aarajibHOMy BHnaflKy jviaeivio, mo 

Eib^{a) = (tui(a) - 2a)b^{a). 

BpaxoByiOHH cniBBiflHomeHHa [Ei,b2] — 1)2, Ta 
[£^1,^3] = —D3 3HaxoflHMO, mo 

E,bl{a)^{u;,ia)+P)bl{a), 

E,b2{a) = {uj,{a)-^)bj{a). 
B 3arajibH0My BHna^Ky OTpHMaeMO 

E,ib'^b^,bj{a)) = iu^{a) - 2a + (3 - ^mb^bUa). 

(ii) AnajioriHHHMH MipKyBaHHSMH, BpaxoByio^H cniBBiflHomenHa 

[E2, bi] = Di, [E2, 1)2] = -21)2, [E2, bs] = -L>3, 

3HaX0flHM0 

E2ib^blb2ia)) = Ma) + a - 2/3 - j)b^blb2{a). 

□ 

5Ik nacjiiflOK OTpHMyeMO, mo flOBijibHHii He3BiflHHH s/3-MOflyjib V b k[A] '13 CTapniHM BCKTopoM 
a CTapmoi Barn [c?i,rf2] po3KjiaflaeTbCfl b cyMy BaroBHx ni^npocTopiB V(^ij), 

v^,,,) = {bfblb2{a),x,^i,X2^j}. 

TyT Ai := cui(a) - 2q; + /? - 7, A2 := uj2{a) + a - 2/3 - 7 i [-di, -6^2] < < [di, d2]. 
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npono3Hi];i5i 3. Hexau a - odHopidnuu i3o6apHuu mhosohach 3 k[A]^'^'K Todi 

Di{D^D^Dj{a))=a{Xi+a + l)b'^-^b^Dj{a) - -fb'^b^+^b2-\a), 
D^{b'lb^^bl{a)) = PMa) - /3 + l)b'^bt'bjia) + j D'^^' b^ br\a) . 

/loeedeuHH. /^OBe^eMO jiHine nepmy 4)opMyjiy, ocKijibKH flpyra (]3opMyjia ^OBOflHTbCfl 3a Tieio 
>K cxeMOK). MaeMO 

DMa) = [Di,D3](a) +D3Di(a) = -b^i^a). 
3a iHflyKn,ieio HeBa>KKO noKaaaiH, mo 

D,bl{a) = -^b,br\a), 

i, BpaxoByiOHH KOMyTaTHBnicTb onepaTopiB Di i D2, anaxo^HMO 

D,b^,bj{a) = -7^r'^r'(«)- 

^jia ;i;oBijibHoro o;i;Hopi;i;Horo iaoSapnoro a' MaeMO 

Di£)i(a') = [^i, bi]{a') + b^D^{a')=Ui{a') + b^Di{a'). 
B sarajibHOMy BHna;],Ky OTpHMaeMO 

Dib'lia') = {J2ui{bl{a'))D'^-\a') + D^Di{a') = a{uji{a') -a + l)D'^-\a') + b'^Diia'). 

r=0 

niflCTaBHBniH a' = 1)2-03(0), OTpHMaeMO HeoSxi^ne cniBBi;],HomeHHa. □ 

4. KOBAPIAHTH TEPHAPHOI OOPMH 

HacTynne TBep^JKenna e anajioroM Bi^OMOi TeopeMH Po6epTca npo KOBapianTH SinapHOi 
cjDopMH. 



TeopeMa 3. Hexau 



i+j<d 



d-{i+j) i j 

1\J 



- Heseidnuu Koeapianm nopudny d. Todi : 

(?) eeKmopnuu npocmip Bd := {{bij},i + j < d) 6yde HeaeidnuM sl^-ModyjieM isoMopcfiHUM 
do Td,o. 

{a) e./ieMeHm 60,0 Syde cmapmuM eeKmopoM sl^-ModyAsi 3 cmapiuow eaeow [d,0]. 
{in) Koeapianm f e eAeMenmoM KasuMupa, 

f = A{Bd, S'^{X)) i aanucyem'bCH y emAndi 

f = E ::^D[biibo,o)xt 

i+j<d 

/foeedeuHJi. (i) OneEHflHO, mo / e iHsapiaHTOM s/a-MOflyjia B^, ■ S'^{X). ToMy is TeopeMH [T] 
OTpHMyeMO Bd = S'^{X)* = Ta^o- 

(ii) AnajiorinHO, hk i y npono3Hn,ii [T] anaxo^HMO ^iio na Bd flH4)epeHn,iajibHHx onepaTopib, axi 
Bi^noBi^aiOTb nopo^JKyio^HM ejieivieHTaM ajireSpH s/3 : 

Diikj) = i bi^ij, DjiKj) = j bi+ij-i, 

biikj) = {d- {i+ j)) bi+ij, b2{bij) = i 

OneEHflHO, mo B Bd e Jinme o^hh inBapianT ajire5pH -DT3, a caivie 60,0 , TOMy 60,0 e CTapniHM 
BeKTopoM s/3-Mo;i;yjia Bd 3 Baroio [d, 0] . 
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(Hi) OcKijibKH 600 e CTapniHM BCKTopoM HesBi^Horo MO^yjia B^, to Bd = ii{DTs){boo) ( ^hb., 
HanpHKjia^, [7j). ToMy Bci bij MO>KHa BHpasHTH nepea CTeneni onepaTopiB Z)i, D2, i D2. 
BHKopHCTOByio^H flBHHH BHrjiflfl flii n,Hx onepaTopiB HeBajKKO noKaaaTH, mo 

m{m — 1) . . . [m — [i + J — 1) 



'•*'^-'''2;2 x-'^^ , i + j < d e BsaeiviHO ^yajibHHMH, TOMy 



f=A{Bd,S'{X))=J2 -^D\bi{bo,o)xt 



d-{i+j) i j 

z!j! 

TyT cyivia SepeTbca no TaKHx in^eKcax i, j, ji^jisi skhx i + j < d. □ 



Otjkg, BcaKHH HesBiflHHH KOBapiaHT oflHoanaHHO BHanaHaeTbca cboim CTapniHM Koe4)iii;ieHTOM, 
aKHH e iHBapiaHTOM ni;i;ajire5pH UT^, yTBopenoi BepxHbo-Tpn-KyTHHMH MaTpHii;aMH. 

^jia (|)opMyjiiOBaHHa oSepHenoi TeopeMH BBe;i;eMO nonaTTa nopa^Ky MHoroHJiena Bi;i;HOCHO 
onepaTopiB Di, D2,. 

OsHaneHHa 3. /(am doeiAbuoso MHOsoHAena 
z G ]K[A,X, f/] Ha6ip [z] := [ordi(z), ord2(-2)], de 

ordi(2;) := max{s, A- (a) ^0},i = 1,2 

HasueaembCH nopndKOM z eidnocHO onepamopa Di. 

L[ijii HHCJia ordj(z), i = 1, 2 SyfleMO nasHBaTH z-nopa^KOM MHoroHjiena z Bi^HOCHO flH(J)epeHn,iiOBaHHa 
Di. KopeKTHicTb osHaneHHa nopa^Ky BHnjiHBae is Toro, mo onepaTopn flH(J)epeHn,iiOBaHHa Di, 
D2 e JiOKajibHO nijibnoTeHTHHMH b Kijibn,i K[74, X, U]. 

noKa>KeMO, mo fljia o^Hopi^HHx, iaoGapHHx ejieMenTib 3 K[A]^^3 ixni nopa^KH cniBna^aiOTb 
3 BiflnoBi^HHMH BaraMH. CnpaBe^JiHBe HacTynne TBep^JKenna 

npono3Hij;iH 4. Hexaua oduopidHuu, i3o6apHuu eAeMeum 3 'K[A\^'^^ . Todi [a] = [uoi{a),U2{a)]. 

JJoeedeHHM. HoKajKeMO, mo i-i^i(a) = ordi(a). 3a 03HaHeHHaM nopa^Ky ejieivieHTa MaeMO, mo 

^ordi(a) + l^^^^Q_ 

3 iHinoro 6oKy, BpaxoByiOMH npono3Hii;iio [2] OTpHMaeMO 

= (ordi(a) + l)(a;i(a) - ordi(a))D°'"'''^"^(a) = 0. 

OiJKe, Ui{a) = ordi(a), mo i noipiSno Syjio ^obgcth. AnajiorinHO noKa3yeTbca, mo ^2(0) = 
ord2(a). □ 

TeopeMa 4. Hexau a - odHopidnuu, Heseidnuu, i3o6apHuu eAeMenm 3 K[A]^'^^ nopndKy [d,0]. 
Todi 

(i) eenmopHuu npocmip 

Bd := mT3)a = { \ b\Di{a),i+j < d 

[[d,t + j- IJ! 

e HeseidnuM sl^-ModyAEM isoMopcfiHUM do Td,(}- 
(a) eAeMenm KasuMipa A{Bd, S'^{X)) e KoeapianmoM nopndKy d mepnapHoi' (popMU. 
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/foeedeuHM. (i) HoKjia^teMO 



BpaxoByiOHH KOMyTaTHBHicTb onepaTopiB D2 Ta D3 i tg, mo ord2(a) = 0, to6to D2{a) = 0, 
OTpHMaeMO, mo ;i;pyrHH ;i;o;i;aHOK piBHHH nyjiio. BaaBmn flo yBarn tg, mo uji{a) = d, OTpHMaeMO 

D,{k,) = jj-^^—r^id -^-J + l)D{-'Di{a) = 



^ajii, 

AnajiormHO anaxo^HMO, mo D2{bij) = j i 

D2{pij) = i TaKHM ^HHOM, BeKTopHHH npocTip Bd e s/3-MOflyjieM, npHHOMy ^ia ajireSpn 

s/3 cniBna^ae 3 ii;i;ieio na s/3-Mo;i;yjii Rd, ^hb. npono3Hii;iio [H OcKijibKH posMipnocTi npocTopiB 

Bd i i?d piBHi ^{d + l){d + 2), TO Bp = Rd = Tdfi. 

(ii) PoarjianeMO GijiiniflHy 4)opMy 

{■,■): BdXS''iX)^K, 
3HaHeHHsi aKOi na SaancHHx ejieMCHTax BiflnoBi;i;HHx npocTopiB BHSHanaeTbca aa (|)opMyjioio 



I \ - cHMBOJi KpoHCKepa. 

HepeBipHMO, mo n;a (|)opMa e s/3-iHBapiaHTHOio, to6-to Bcix g G s/3, u G .B^, v G S'^lX) 
Mae Micii;e cniBBi;i;HomeHHa {g{u),v) + {u,g{v)) = 0. 

^jia onepaTopa Maeivio 

d\ Ok-iidij=[i + 1) , 

i 

=-{d-{i+j)) Oki+idij = 

(, + l)!j-!(rf_(, + j))r 

d\ 

TaKHM HHHOM, 

{D,{bu),xi~^''''^xlxi) + {hi,D^ixi-^'^'^xlxi)) = 0. 
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AnajiorinHO BHKOHyeTbca nepeBipKa iHBapianTHOCTi i onepaTopiB Di, D2 i D2- Otjkg, 
GijiiniHHa (J)opMa (■, ■) e s/3-iHBapiaHTHOio i TOMy 6a3HCH 

BsaeMHO flyajibHi. 

Bi^noBi;i;HHH ejieMeHT Kaaniviipa e s/3-iHBapiaHTOM i Mae BHrjia^i; 



to6to e KOBapiaHTOM cieneHH d. □ 

5. KOHTPABAPIAHTH TEPHAPHOI (POPMH 

HepeHfleMO ^o BHB^eHHfl KOHTpaBapianTiB TepnapHoY 4)opMH. AnajiorinHO, hk i y BHna;],Ky 
KOBapiaHTiB MaiOTb Micn,e nacTynni TeopeMH 

TeopeMa 5. Hexau 

f = Yl _j_ j))!'^^J'"3 ''^^^u\ui, Cijek[A], 

- Heseidnuu KOHmpaeapianm nopndKy d. Todi 

(i) eenmopHuu npocmip Cd '■= ({cjj},z + j < d) e HeseidnuM sl^-ModyAeM iaoMop^HUM 
To, d- 

(m) ejieMenm Co,o e cmapmuM ecKmopoM sl^-Mody- 

AM Cd 3 easoto [0,d]. 
(Hi) KOHmpaeapianm f e eAeMenmoM KaauMupa 

f = ^{Cd,S\U)), 

MKUU sanucyembCM y eusAsidi 

/ = E ^—U^DiDl{co,o)u 



i+j<d 



/foeedeuHJi. (i) OneEHflHO, mo / e iHBapiaHTOM s/s-MO^yjia Cd ■ S'^{U). ToMy, is TeopeMH [T] 

OTpHMyeMO 

Cd = s\xy = To,d. 

(a) Anajiorinno, sk i y npono3Hii;ii [T] 3Haxo;i;HMO ;i;iio na Cd flH(|)epeHii;iajibHHx onepaTopiB, aKi 
Bi;i;noBi;i;aiOTb nopo^JKyiOHHM ejieMeHTaM ajireSpn s/3 : 

-Dl(Cjj)= — Z j„ij4.i, D2{Cij)= — j Cij-i, 

A(cij)= - {d- {i + j)) Cij+i, bi{cij)=-j Ci+i,j_i, 
Dz{ci,j)= - {d- {i + j)) Ci+ij, D3(cij)= - i Cj_ij. 

OneEHflHO, mo B Cd e Jinme o;i;hh inBapiaHT ajireSpn -DT3, a caMe Co,o, TOMy Cq^ e CTapniHM 
BeKTopoM He3Bi;i;Horo s/3-Mo;i;yjia Cd 3 Baroio [0,d]. 

(in) OcKijibKH ejieMeHT co,o e CTapniHM BeKTopoM He3Bi;i;Horo s/3-MOflyjia Cd , to = il(DT3)(co,o)- 
ToMy Bci Qj MO>KHa BHpa3HTH ^epea CTeneni onepaTopiB Di, D2, i -D3. BHKopncTOByio^H hbhhh 
BHrjiflfl flii n,Hx onepaTopiB HeBa>KKO noKaaaTH, mo 
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BsaeMHO 



flyajIbHHMH, TOMy 



l\V. 

i+j<d 



□ 



Otjkg, KO>KeH HesBiflHHH KOHTpaBapiaHT oflHoanaHHO BH^na^ae cboim CTapniHM hjighom, skhh 
e iHBapiaHTOM ajire5pH -DT3. B HacTynniH Teopeivii flOBO^HTbCfl cnpaBe^JiHBicTb oSepneHoro 

TBepfl>KeHHfl. 

TeopeMa 6. Hexau a e Heseidnuu, odnopidHuu, i3o6apHuu eAeMenm 3 k[A]^'^'-^ MyjibmunopHdKy 
[0,rf]. To-di 

(?) eeKmopnuu npocmip 

C, ■.= ii{Un)a=\ ,^ ^r^^^^\ DiDl{a),t + j < d 
[[d,i + j- IJ! 

e HeseidnuM sls-ModyACM isoMopcpHUM do T^^d- 

KasuMipa A{Cd, S'^{U)) e KOHmpaeapiaHmoM nopsidKy d mepHapHoi' c^opMU. 

Di^t)^ (a) 

JI^oeedeHHH. {%) noKjia^eivio Cjj= — r—. — — . To-^i, BHRopncTaBniH npono3Hn,iio[2l SHaiifleMO 



HeBajKKO nepeKOHaTHca, BHKopncTOByiOHH iH;i;yKii;iio, mo DiD^^a) = —jD^D^^^ . ToMy, 
3H0By BsaBniH yBarn npono3Hn,iio [2], BpaxoByiOMH KOMyiaTHBHicTb onepaTopiB Di, i D3, 
a, TaKOJK Te, mo MaiOTb Micii;e piBHOCTi 

uj2{a)=oi<l2{o)=d, 

nicjia HecKJia;i;HHx oGnncjieHb OTpHMaeMO 



[d, l + J-l] 

^ajii, anajiorinHO SHaxoflHMO 



[d,i + j-i]\ 



Di{Cij) — . — : -Tj — — jCj+i 



1 

^2(Qj) = -(d - (z + i))Cij+i. 

Otjkg, BeKTopHHH npocTip Cd e s/s-MO^^yjieivi, npHHOMy ^ia ajireSpn s/3 cniBna^ae 3 11 flieio na 
s/3-MOflyjii Cd, ;i;hb. (ii) nonepe^Hboi TeopeiviH. OcKijibKH po3MipHOCTi npocTopib Cd i Cd piBni 

^{d + l){d + 2), TO Cd = Cd = To^d- 
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{ii) PoarjianeMO GijiinifiHy 4)opMy 

(■,-):C',x5^([/)^K, 
SHa^eHHa hkoi na 6a3HCHHx ejieivieHTax Bi^noBiflHHx npocTopiB BHana^aeTbCfl 3a (J)opMyjioio 

[Ck,l,U^ U1U2) — —^^ OikOjl- 

Anajiori^HO, aK i y BHna^Ky KOBapianTiB MOJKna noKaaaTH, mo n,fl 4)opMa e s/3-iHBapiaHTHOio 
i TOMy 5a3HCH 

Sy^yTE- B3aeMH0 ^lyajIbHHMH. 

Bi;i;noBi;i;HHH ejieivieHT Ka3HMipa e s/3-iHBapiaHTOM i Mae BHrjia^i; 
toSto e KOHTpaBapiaHTOM nop5i;i;Ky d. □ 

6. SmILUAHI KOHKOMITAHTH TEPHAPHOi (tOPMH 

HepeHfleMO flo BHBHeHHa 3MimaHHx KOHKOMiTaHTiB TepnapHoi 4)opMH. 5Ik i y BHnaflKy 
KOBapiaHTiB Ta KOHTpaBapiaHTiB MaiOTb Micii;e HacTynni TeopeiviH 

TeopeMa 7. Hexau 



i\j\kw.{di-{z+jmd2-{k+i))\ ' 

i+j < di 
k+l < d2 



[i) eenmopHuu npocmip 



- Heseidnuu SMiuiaHuu KOHKOMimcmm KAacy [di,d2]. Tym Bf- e k[A] idi,d2>0. Todi: 



B',l:={{B^;},t + j<d„k + l<d2) 

e HeseidnuM sl^-ModyAeM i30Mopcf)HUM T(i^^d2- 
(ii) eAeMenm B^q e cmapmuM eeKmopoM s/3- ModyAH B^^ 3 eazom [^1,(^2]. 
(m) SMimaHuu KOHKOMimaHm f e eAeMenmoM KasuMupa, npuHOJuy f = A{B'^^ , S'^^ (X) ■ 

JJoeedeHHJi. (i) OneBH^HO, mo / e inBapianTOM s/3-MOflyjifl B^^ ■ S'^^{X) ■ S'^^{U). ToMy i3 
TeopeMH [1] OTpHMyeMO 

s/3-MOflyjib S'^^ {X)-S'^^{U) MOJKHa JierKO po3KjiacTH na He3BiflHi ni^MO^yjii. JH^Jin n,boro 3HaHfleM0 
CTapmi BCKTopH B S'^'^{X)-S'^^{U), to5to bgktoph iHBapiaHTni Bi^nocHO ajireSpn -DT3. HeBajKKO 
nepeKonaTHCfl, mo 3a CTapmi bgktoph MO>KHa B3aTH Taxi MHoroHjienH 

Vi := xf'~'uf'~'u\ z < . . . io, := mm{di, ^2), 

a u := X Ui + y U2 + z - yniBepcajibEHH KOBapiaHT. 

OcKijibKH ordi(wi)=l, i ordi(x3)=ordi(M) = 0, to 
ordi(t'i) = di — i. AnajioriHHO 3Haxo;i;HMO, mo i 
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OTd2{vi) = d2 — i- OcKijibKH, nopa^OK inBapianTa cni-Bna^ae 3 Horo Baroio, to Bara kokhofo 
BeKTopa Vi piB-na [di—i,d2—i], i Mae Micn,e posKjia^i, 

TyT Td-^_i^(i2-ii^i) ^ HesBiflHHH is CTapniHM BCKTopoM Vi i BaroK) [di—i, d2—i]- 

rioBHicTio anajiori^HO MOJKna nepeBipHTH, mo MHoroHjienH Vi := x'^'^~^u'^~^u^ e MOJiOflniHMH 

BCKTOpaMH s/3-MOflyjIfl S"^^(X) ■ S'^^{U). 

Sa^aMO jiiniflHe Bi;i;o6pa>KeHH5i BeKTopHHx npocTopiB ip : S'^^{X) ■ S'^'^{U) S^^, skg 
KOJKHOMy ejieMGHTy 3 S'^^{X) ■ S'^'^{U) CTaBHTb y BiflnoBi^HicTb flyajibHHH noiviy ejieivieHT 3 
to6to 



di 



BpaxyBaBniH TeopeMy [2], OTpHMaeMO, mo Biflo6pa>KeHa (p nepeBO^HTb MOJio^niHii bgktop s/3- 
MO^iyjia S'^^{X) ■ S'^^{U) y CTapniHH bgktop s^3-M0flyjia Bf\ noaHa^HMO nepea Wi := v^(fi) 
Bi;i;noBi;i;Hi CTapmi BeKTopn, a nepea Tdi-.i^d2-i{''^i) ^ Bi;i;noBi;i;Hi He3Bi;i;Hi ni;i;MOflyjii. Mae Micii;e 
po3KJia;i; 

^dl = Tdi.dal^o) H \- '^di-io,d2-ioi'^io)- 

Po3rjiaHeMO Tenep Tenep ejieivieHT Kasniviipa 

A{B^/^,S'^'{X) ■ S'^^U)). 

OneEHflHO Mae Micii;e po3KJia;i; 

KojKen i3 ejieMGHTiB Ka3HMipa b npaBiii nacTHni, KpiM ocTanboro, e 3MimaHHM KOHKOMiTanTOM, 
TOMy ejieMGHT A(i?^^, S'^^{X)-S'^'^{U)) 5yfle He3BiflHHM Jinme To;i;i, kojih Bci aMimam KOHKOMiTaHTH 
npaBOi HacTHHH Menmoro KJiacy Gy^yTb piBni nyjiio, a ii;e mojkjihbo Jinme y BHnaflKy, kojih Bci 
CTapmi BGKTopH Wi = 0, i = 1 . . Aq, a wq ^ 0. TaKHM hhhom OTpHMaeMO 

A{Bf^,S''^{X) ■ S'^m = A{U,d2{wo),U,dM), 



3BiflKH 3pa3y BHnjiHBae, mo B'^^ = Td^^d2i'^o) — T 



di ,d2 • 



(It 



AnajioriHHO flo Toro, sk ii;e 6yjio 3po5jieHO b npono3Hii;ii [H 3Haxo;i;HMO ;i;iio nopo;i;>KyiOHHX 



ejieMGHTiB ajireSpn 5^3 na 

DiiBfj 

D,{B^i 

SbiflCH 3pa3y OTpHMyeMO, mo 



^id,-{t+3y)B^i,^^-lB^^''-\ 
-^B^\,^,-{d2-{k + l))B^i^\ 
<d,-{i+3))B^;l-{d2-{k + l))B^^'\ 
= tB^\^ - kB^-'^'^\ 

■ T-)k,l I T-)k,l — l 

= jBi^^j_^ - IB^ j , 

0,0\ 7~l / TjO,0\ 



dO,0 „ T3d2 

OT>Ke, -Dq o - CTapniHH bcktop y B^\ 
(in) OcKijibKH 5a3HCH 

/ ^i'^^! ^kA r d,^(i+j) i j d2Hk+l) k l^ , k + l<d 
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flyajibHi, TO / = AiBf^^S'^iX) ■ S''-{U)). □ 

Hexaii a e HesBi^HHii, oflHopi^HHfi, i3o6apHHH ejieivieHT 3 fcfAJ'^-^^ nopa^Ky [di, ^2]- PoarjianeMO 
BeKTopHHH npocTip B^'^ nopo^iKeHHH ejieMBHTaMH , B^'^-.—a, a Bci B^j anaxo^aTbca 

i3 yMOB 

D2{Bij) = - {d, -ik+ mfj-'', 

Ds{Btj)Hdi - {i + j))Btj^,-id2 -{k + l))Bf;^'\ 

Ta \3 yMOB piBHOCTi HyjiK) ejieMBHTiB Wi, i — 1 . . .io- TyT tVi yTBopioiOTbca i3 Wi aaMinoio B^j 
Ha S. . 

TeopeMa 8. Hexaii a e Heseidnuu, odHopidnuu, i3o6apHuu eAeMenm 3 k[A]^'^'-^ MyAhinunopsidKy 
[di, ds]. Todi: 

(i) eeKmopHuu npocmip B'^^ := il{UTs)a e HeseidnuM sl^-ModyAeM isoMop^HUM do Tdj^^d2- 
(a) eAeMenm KasuMipa A(B'^'^ , S'^'^ (X) ■ S'^'^{U)) e SMimanuM KOHKOMimaHmoM mepHapHoi 
^opMU KAacy [di , (^2] • 

/(oeedeHHJi. (i) HpaMa nepeBipKa noKaaye, mo B'^^ e s/3-MOflyjieM. OcKijibKH npocTip B'^^ 
noSyflOBaHHH TaKHM hhhom, mo b HbOMy icHye Jinme o^hh CTapniHH BCKTop Barn [di,d2], a 
caMe Bqq — a, to B^^ e neaBiflHHM s/3-MOflyjieM, npHMOMy = H{UT3)a. 
(ii) PoaraaneMO 6ijiiHiHHy 4)opMy 

(■,■): 5j X S'^'iX) ■ S'^^'iU) ^K, 

anaHeHHa aKOi na SaancHHx ejieMeHTax Bi;i;noBi;i;HHx npocTopiB BHanaMaeTbca aa (i)opMyjioio 

(flki d,-(i+j} i'i' d,-(k'+i'} k'i'\ _ ^\J\k\n{dl-{^ + j))\{d2 - {k + ... 

[^ijJ^l X2XsU^ UiU2j— ^ y I Oi^i'<Jj,j'<Jk,k'(>k,k'- 

AnajioriHHO, aK i y BHna;i;Ky KOBapianTiB Ta KOHTpaBapianTiB MOJKna noKaaaTH mo ii;a 4)op]via 
e HeBHpo;i;>KeHOio Ta sZ3-iHBapiaHTHOio. ToMy, 6aaHCH 

t\j\km{d^-{i + j)y.id2-{k + i)y. '^j' 

Ta 

{xf-^'^'^xixiui'-^'^^'^'l^}, i + j <d^,k + l<d2, 
e flyajibHHMH, a BiflnoBi^HHii ejieMeHT KaaHMipa 

A{Bf^,S'^'{X) ■ S'^^iU)), 

e aMimaHHM KOHKOiviiTaHTOM TepHapnoi (Jdopmh KJiacy [(ii,(i2]- D 

IlpHKjia^. ^Jia n = 3, poarjianeivio b k[A] MHoroHJieii a := ao,ofl^2,o~Qi,o 3khh e inBapianTOM 
ni^ajTre6pH k[A]^'^-K OcKijibKH Df{a) = 0, ajie b\{a) 7^ 0, to ordi(a) = 2. AHajiorpiimMH 
MipKyBaHHaMH OTpniviyeMO, mo ord2(a) = 2, otjkg, nopaflOK a piBHHH [2,2], i a 6y^e CTapniHM 
BeKTopoM ai CTapmoio Baroio [2, 2] s/a-ni^^MO^yjia i?| = iX(UT^)a b k[A\, iaoMop4)Horo CTan^apTHOMy 
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s/3-MOflyjiio r2,2- BiflnoBiflHO flo saroBOifliarpaMH anaHfleMO SasHcni seKTopH BaroBHx niflnpocTopiB 

5(2,2) = {5o%° = «}, 
5(0,3) = {A(a) = 2i?p, 

5(3,0) = {/^2(5o%°) = -2i?o°o}, 

5(4,-2) = = 250%^}, 

i?(-2,4) = {DKa) = 2500}, 

5(_3,3) = {^?^3(a) = -45^°}, 

5(_4,2) = {^?4'(a) = 45j°}, 

5(3,-3) = {I>i^2(a)=45°f}, 

5(2,-4) = WlDlia) = {45o%^}, 

5(-2,-2) = {D34(a)=245o%°},^^ 

-8(1,1) = {Dsia) = 25o'i - 25o'o, 

5i52(a) = -45°'oV25i'o°}, 

5(-i,2) = {I>il>3(a) = -45j;° + 25°f, 

5?^2 = 85^;°-45jo^}, 

5(2,-1) = = 45°;o^ - 45i'o\ 

52^3(a) = 25i'o^-45°;|}, 

5(-2,i) = {DiD,{a) = 452;0 - 85^;°, 

blb^bsia) = -85,%° + 452% + 85%°}, 

5(1,-2) = {b2bl{a) = 85o% - 45o%, 

A52D3(a)=45%-85o%}, 

5(-i,-i) = {b.b^blia) = 8Blj - 85j'? + 45o%, 

blblbsia) = -165% + 85o%}, 

5(-3,o) = {blb.blia) = -165%}, 

5(0,-3) = [biblblia) = -8So%}, 

-8(0,0) = {Dlia) = -85o', + 25o'o + 25o'2, 

b.b^Ma) = 45% - 25o% - 45%^ + 45o%, 

bfblia) = -165% + 45o% + 452%}. 

OipHMajiH 27 piBHSHb fljia 36 neBi^OMHx B^j. Inmi 9 piBHSHb anafi^eMO ia HacTynnnx 
MipKyBaHb. 

B s^s-MOflyjii S^{X) ■ S^{U) poarjiflneMO MOJiOflini bcktoph 

Vi — XiUiU — XiUi{xiUi + X2U2 + X3U3) — x\u\ + X1X2U1U2 + XiX^UiUzi 
V2^U^ ^ {xiUi + X2U2 + X^U^y. 

To^i BeKTOpH 

V.(^;i) = 5o% + 5o% + 5%, 

^{V2) = Bll', + 52% + 5o% + 25^;o^ + 25^'? + 25%\ 

^yflyTb CTapniHMH BeKTopaMH 5| MyjibTHnopaflKiB [1,1] i [0,0]. PosMipiiicTb Ti^i{(p{vi)) pisHa 
8 i poaMipnicTb To^o(if(v2)) piBHa 1. O^HOMipm BaroBi ni^npocTopH Ti^i(ip(vi)) nopo^jKyiOTbca 

TaKHMH ejieMBHTaMH 



AHAjiorn npaMOii ta obephehoi teopemh pobeptca p^jisi tephaphhx oopm 
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rO,0 I r1,0 I rO,1 
^0,1 + ^0,0 + ^1,0 > 
)1,0 , nO,l 



I)2D3(V5K)) 



B2.0 

rO,1 



^1.1) 

r0,2 



r2,0 _ r0,2 

-'^0,0 -"2,0 



I)2(v.(t;i)) = -<o'-<i-i?r 



^1,1 + -^0,1, 



2,0 



0.1 



0' 



2,0 



rO,1 
^1,1 



0,2 1 
„0,0 

^1,0 + -D0,2- 



D3(vp(t'i)) - -^0,0 -r ^1,1 - ^1,0 

rioKjiaBniH if{vi) = 0, </3(f2) = anaiifleMO HeoSxiflni 9 piBHSHb. Poa'aaaBniH b Maple 
OTpHMany cHcieMy ia 36 piBHHHb saam^euo anaMeHHA Bcix 27 6a3HCHHx ejieMeHTiB -B^'^^. OiJKe, 
MH OTpHMajiH peajii3an,iio nesBiflHoro s^a-MOflyjiH S| = r2,2 b 11(5/3)0. BiflnoBi^HHii ejieMeHT 
KasHMipa 6y^e 3MimaHHM KOHKOMiTaHTOM 



f:=A{Bl,S\X).S'{U)) 



E 

i+j < 2 
k+l<2 



2!2!Z?;;:,r, 



"1 "2 



i!jU!/!(2-(i + j))!(2- (A; + 0)!' 



OShhcjihbiuh Bci Koe(J)iii;ieHTH anaxo^HMO aBHHii BHrjia^ / : 



f:=AiBlS'iX)-S\U)) 
(ao, 02, - «i, 0^) a:^ + (02, 
+ 



+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 



1^) + (02,1 ao,i - ai, 



2^ ^2 2 
1 ) z U3 



ai, 0^) + (a2, flQ, 2 ~ ai, 1^) Ui^ + (ao, 1 flo, 3 

'^2, 1 OQ, 3 ~ 0^1, 2^) 2^ "Wl^ + (ao, 2 ^0, ^ OO: 

-02, 1^ + 03,0 01,2) u-i^ + (-^2,0^ + «i,o 03,0) 

^2, + «3, ao, o)xy u^"^ + (ai, Oi, 2 - ai, 1^) y'^ 

fll, 2^0,1 + 01,0^0,3 - 2ai,i 00,2) ?/2^W2^ 

ai, 2^0,0 - 2ai,i ao,i + ai,o 00,2) a;i/W2^ + (2ai,i 00,2 - 2 01,200,1) ^2^^ W3 
2 oi, oi, 1 - 2 02, Oq, 1) ^^3 ^^1 + (-2 Oi, 1 02, 1 + 02, Oi, 2 + 03, oq, 2) y ^^i^ 
2 02,0^2,1 - 2 03,0^1, 1) y'^usui + (2ai,i 01,2 - 202,100,2) z'^ u^Ui 

02, ^0, 3 + 02, 1 oo, 2 — 2 oi, 1 oi, 2)x z ui' + (— oo, 1 oo, 2 + ao, 3 oo, 0) •'E 2; U2^ 

2 02,001,1 - 2 01,0 02,1)^22/^ M3 + (03,000,1 +0i,o02,l - 2o2,oOi,i) y2:W3^ 

200.1 01,0 - 2oi,i oo,o) U2X^U2, + (2oi,i 02,1 - 202,001,2) y'^U2Ui 
-2oi,oOo,2 + 2oi,iOo,i) U2 ui + (02,1 oo,o - 2oi,oOi,i + 02,oOo,i) a;-2^i3^ 

-02, 1 Oi,2 + 03,00,0,3) y^^i^ + (-2ai,i 00,3 + 201,20,0,2) z"^ U2U1 

201.2 0o,i - 2 01,000,3) 3:2; M2 Ml + (-2o2,iOo,o + 2 02,0 00,1)^22;?/ -03 

-2 Oi, 2 Oo, + 2 Oi, Oo, 2)U2XZ U3 

2oi,oOi,2 + 2oi,i^ - 2o2,iOo,i - 202,000,2) a; 2:^3 Ml 

-2o3,oOo,2 + 202,001,2)2/2^3^^1 

-2 02, Oo, 2 + 2 oi, 1^-2 oi, oi, 2 + 2 02, 1 Oo, 1) a; 2/ U2 ui 

2 0i,o02,l - 2o3,oOo,l) X2/M3M1 + (-2 02,0 Oo, 3 + 2 02,1 00,2) 1/2 M2 Ml 
-2oi,oOi,2 + 2o2,oOo,2 + 2oi,i^ - 2 02,l Oo,l) U2yZU3 
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